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A method of analyzing non-thin shells of constant thickness 2k is proposed, which is
based on some propetrties of Legendre polynomials,

1, For the case when the middle surface of a shell is closed it is proved that the three-
dimensional problem of elasticity theory on the construction of the stress-strain state of
such a shell separates into two problems, Let the shell be referred to the curvilinear co-
ordinates 8%, 0% (it is assumed throughout that the Greek indices take on the values 1,

2, and the Latin indices, the values 1,2, 3),

Then the first of the mentioned problems will be to construct the stress-strain state in
which <he displacements vary linearly with 03. It will be called the linear~thickness prob-
tem,

The second problem is to construct the stress-strain state characterized by the fact that
the resultant force and resultant moment would be zero therein in any element normal
to the middle surface, This requirement is analogous to conditions characterizing the
so-called boundary layer, Hence, we call the second the problem of the pseudo-boundary
layer, The solution of both problems should individually be an exact solution of the three-
dimensional elasticity theory equations, and together they should yield the solution of the
original problem,

In the shell with open middle surface conditions on the side surfaces will not be satis~
fied, To eliminate these discrepancies it is also necessary to utilize the boundary layers,

Series expansions of the stresses, strains, and displacements in orthogonal Legendre
polynomials in the form

= 3ain() = Sen(F) we Sue @) as

are utilized below,
Here P, (8%/k) is the Legendre polynolial of order .

2, Let us designate the linear-thickness problem of elasticity theory to be that whose
solution possesses the following properties;

a) Satisfies the strain-displacement relationships, as well as Hooke's law for three-
dimensional elasticity theory ;

b) Corresponds to boundary stresses on the surfaces §, and §_, and to mass forces
whose true distributions can be replaced by any other distributions under the condition
that the corresponding resultant force and resultant moment in any normal element of
the shell remain invariant (we call these distributions of the boundary stresses and mass
forces the equivalent auxiliary distributions) ;

c) Contain sufficient arbitrariness to satisfy the conditions on the normal edge sur-
face @' = ct for the following stress or displacement components in the Legendre ex-

pansions o™, 01, 0%, 0y, 0%, D, u M, 1@, uy M), 1,
Utilizing the notation from [1], let us consider components of the elastic displacement
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vector in the form

Uy =8 + 2u,®W,  uy =u,® (2.1)
where 4@, u®, u!® are functions of 6% and
z=9/h (2.2)
Proceeding from the representations (2, 1), the strain components can be written as
finite Legendre expansions N
Ti= X 1P, (z) (2.3)
n=0

The coefficients of these expansions are .
27 (o) = u,® |g + O], — 2b oalis® — Y3l (bgPua® la + bt ® Ig) (2.4)
2 Tﬁ =ugM g+ ug®la — h (b;,’-uz“" le + b2 un© IH) L+ h(bs*bra + ba*bap) us®

278 = — 2 h (brur® |2 + be’ur P |s)
n) 9,0 _ sy ey Yy
2703—0 n>2), -Ta:iu—a—e—," 7 Oa WA F Ua

24 =0 (a>0), 270 =0 (n=0,1,2....)
The custornary rule for summation over repeated subscripts is used, and the vertical
bars correspond to covariant differentiation in the metric of the middle surface,
Utilizing the fact that Y33 = 0 because of (2, 4), let us write the physical relation~

ships of elasticity theory thus:
b &y theory 0w = Fevsby . 0% = Eea03q, 2.5
Here

s f
Feoof = 1 (8,%— zhby?) ( ) 7 (Gmclﬂ + GepGM 4 T‘?%i (;e-tczl:)
£\ a
Fs%a3 = 2 p(——u) 7 GG

The cofactors of g;j in the determinant g = g;;| are denoted by G¥ in the last
equalities. They will be polynomials in .
Let us introduce the notation 11

2mz+ T Eoimh = S P, (z)P,(z)E=sobdx

-1

41
W Ea) tm = _Sl P, (x) P, (z) E*3%dx (2.6)

where E‘(’,.‘;?%,,.,. Emm) are coefficients of the Legendre function expansions
P, (z)E=+=B, P, (z) E»33, respectively, and we note that the integrals (2.6) are com-
puted directly, wherein only rational functions of x enter in whose denominator the fol-

lowing expression is contained @/ a)s = (1 — has® + thzK)’

Therefore ©

Pa(@)E“%f = 3 By b Pu(z), Pal(z) E“>3 = Z En*S3P.(5) (2.7)
m=0

By using these formulas the coefficients of the Legendre expansions for the stresses can
be determined

5 = N 0eiPa(z), 0% = D) o Py (x) (2.8)

n=0 n=g
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since according to (2, 8),{2.7) 'Y

3 3. (0
Sim = Z E(qurﬁ‘é. Sm = E(o)e.a(‘:tﬂ'g.-: (2.9)
q=0
The equilibrium equations of three-dimensional elasticity theorv are written thus;

0% |o — beo™s + ?-g‘;;, + P8 =0, 0% |, + begs™® + I Fi g S+ F1=0 _(2.10)
It follows from the orthogonality condition for Legendre polynomials that
+1

i
{ Pa@dz=0, \ 2P,@)dz=0 (52
—1 d Pty

Hence, members with subscript. n greater than one in the expansions (2. 8) will corre~
spond to some stress distributions self-equilibrated through the thickness, These members
may be discarded in the solution of the linear problem,

We then obtain from (2. 8) and (2. 10)

apy. 1) — % (—1
2(sebfe — buteig) + (==t | S PoFédz) =0

font §

1) — 3% (— 1 !
2(5?03113 + bnp‘m) + ("'L'h“(—}' 4~ § b, F’dz) ==}
-1

F (o —3ob) + (TOETCY | 3 P Pz) =0 A1)

On the basis of the properties of the solution of the linear-thickness problem, we note
that the components R?, R3 and C? of the resultant force and the resultant moment are

(1) — 3% (—1)
A

R = +§ )

-1

+1
i U Bt U ‘ pd,)

e
s¥ () $o%¥(—1) T
('——"‘r '+S

-1

It results from these relationships that the first coefficients of the Legendre expansions
for the mass forces are expressed by Formulas

R’-—-h(

CP=hd zF 5d:r)

Flo= g IR — (P (1) —o®(— 1)),  FoP= o [R — (6" (1) — 6™(— 1))]

Fhy = 55 1CP — k(% (1) + 0% (— 1))] 2.12)

in which the boundary values 632, 0% are considered known,
By using these equalities the system of equations (2. 11) can be written as

Siorl= — baPofey + 5% Lm0 (2.43)
Stk + bu;G(o) + 37 LIy S 0, 6(;)L Gf,_?, + .2_35’ CB =0
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These equalities are a system of equilibrium equations for the linear-thickness prob-
lem, The corresponding physical equations are obtained from (2, 9)

2 2
so=2 Ewlo v o= X EgMink, ol = Eonori
q=0 g=n
The strains are here determined by the geometric relationships (2, 4) of the linear-
thickness problem, Expressing the stresses in terms of the displacements in the equilib-
rium equations (2, 13), we obtain a system of five equations with the five unknowns
u®, u"}), u“_{}.
The three-dimensional components u,, Uy of the displacements are determined from
(2.1) in terms of the unknowns of this system,
The stresses g¥/ are determined from the geometric and physical equations of three-
dimensional elasticity theory, and we obtain the final expressions for the mass forces

from the equilibrium equations a6 . o
F(,B)::_QGBIZ.*_b’BGag_W’ Fy = —q%3 fa— aasap____ S5

which satisfy the integral conditions of the linear-thickness problem according to @.12).
The derived system of equations of the linear~thickness problem permit compliance with
the five boundary conditions corresponding to the property (c) of the linear-thickness
problem,

Since the displacements are known, we indeed obtain the boundary stresses correspond-
ing to the linear-thickness problem o3 (6%, -i- 1), which generally do not evidently
agree with the true values, The solution of the pseudo-boundary-layer problem also per-
mits correction of these boundary results,

It can be shown that if stress-strain states with index of variability greater than 1/,
are not taken into account, and terms retained to satisfy the fifth boundary condition are
discarded, then a modification of classical theory with error h/R as compared to one

will be obtained,

3, The pseudo-boundary-layer problems should satisfy the following conditions:
a) Stresses corresponding to the corrections should satisfy the conditions

on S,and 5 ; & O ED O LD =@ 1)

b) Internal stresses corresponding to any cross-sectional element normal to the
middle surface should have zero resultant force and resultant moment from which it fol-
lows thato® and 0,,7Pequal zero;

c) The requirement u;® = 0, u,® = 0 should similarly be satisfied in the
Legendre expansions for the displacements ;

d) Mass forces corresponding to the correction pseudo-boundary-layer problem are
the difference between the true mass forces and the mass forces Fy;i obtained from the
solution of the linear-thickness problem,

The pseudo-boundary layer problem is not predetermined since compliance with the
condition on the edge normal surface is not required,

There results from the properties of the linear-thickness and boundary layer problems
that the resultant force and resultant moment of both the surface, and the mass forces

should equal zero,
We separate the construction of the solution of the pseudo~boundary-layer problem
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into two stages,

The first stage is to determine a particular solution of the three-dimensional equations
of elasticity theory which will satisfy conditions (a), (b),(c) in Section 3,

The second stage is also to solve the unpredetermined problem, Homogeneous bound-
ary conditions are posed on S, and S_ for it so as not to violate the condition (d) satis-
fied in the first stage, The mass forces (statically equivalent to zero) should equal the
difference between the actual mass forces and the mass forces obtained in solving the
linear-thickness problem and in the first stage of solving the pseudo-boundary-layer prob-
lem.

Utilizing the fact that satisfaction of the conditions on the edge normal surface is not
certain in the pseudo-boundary-tayer problem, we assume the middle surface to be refer-
red to the lines of curvature,

The coordinate system used will then be tri-orthogonal,

8,1, First stage in solving the pseudo-boundary-layer problem,
Let us examine the boundary conditions on §, and S_ by formulating them as:

HT (0 (@, o
Tlg(j:h)a |( ) 2(11 1 ( ) (192)
HT (M HL(E b s* (@, 69
H
Here T4 (4:h), %23 (£h), Tas (1h) are known functions representing the boundary

correction stresses,
Let us introduce the notation

Tk h) =

He) =4t +5) H@)=u(—F) -2

H = A,A,(1 —h*/R*)» (1 —h%/R%)h

For the sequel, let us note that any boundary conditions can be represented as the super-
position of boundary conditions corresponding to

1+ (0, 02) =g (61, 62), st (01, 62) = s (8%, 62) 3.1)
ht (8, 62 =ckt, (61, 62), st (81, 07) =35 (8%, 67) (3.2)

The requirement formulated earlier that the stresses be statically equivalent on any
section normal to the middle surface will be assured if the following conditions are

imposed: T, =0, S§;; =0, N, =0, G =0, Hpjp;=0 (12

Stress resultants and moments are on the left here, Expressing them in terms of the
internal stresses of a three-dimensional medium occupied by the shell, we will have

+.h +.): +.h
3 113111(103 == 0, B 93H2111d03 = 0, 3 H,‘I.'ud 3.'::
—h —I —h
-{:h +h
S 6 H zflgdea =0 , S l’ itludesi =0 ( 1“4-’_4) (-‘} 3 )
—~h —h

Let us note that these conditions will be satisfied if expansions of the following kind
are taken for the displacements
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p==)

vy = HHI®*, ot = 2 V00,0 P(2) (e (3.4)
n==g¢

- -]
vs = HiHIvg*,  vs* = 2 Va™ (09,40%) P (2)
neg
Here V,0M (81,02), V,™ (0%, 62), V™ (01, 62) are arbitrary functions,
For T3, Y23, Tss let us take the following expressions which satisfy the boundary con-
ditions: . o
HHPy@ 0@ 8) 1 0@ ghn) | B 089 gy (3.5)
T3 = 7} - ’ﬁ" o ox

HiHPqo (2) (8, 8)
H

33 =

+ 8¢, 02, 7) (3.6)

wherein the functions D o ¥ Y
W [ W r Fe oz °
should equal zeroon §, (z ==1) and S_ (# =—1).

The degree K is even, and Q is odd for conditions of the form (3, 1), and, conversely,
for conditions of the form (3,2).

From the geometric and physical relationships it follows:

L o M 0 (n)_ 20+ +v) HIH Py (3)4 (9, o)
ﬂ] ' h 0% (H] "
1 90 Hy, 0
to @ T = -—;—;‘—] (12) 3.9
-1_21?!“"__ v i aHgv, 6}1;», + b aym. —
h oz {—wv H)H: ‘—V hH],H. dz 9z U=

14v)(1 —2v lﬂ A 10(2)8(9'.9')
= ¢ !(:( 3 ) . ¥’ -+ S] (3.8)
Relationship (3. 7) is satisfied if

‘ ¢ H{HTP
by = 208 ;v» m("’*‘j’;- ) S ! ;l*“’ dz + ¥, (6%, 09, z)) (te2) (3.9)

vy = 20X g o1, 09, 2)

and the condition 0

e

=0 (1e2)

=41
will be satisfied if =+

* = A (01, 03)(Py (z) — P;(2)) + Az (8% 0%) (P (2) — Py (2))
Wwe therefore obtain

Er
PTEE _;v) = (3.10)

(, Ty P HS AL, 0%) (Po () — P (2)) + Ax (8, 6%) (P (2) — Pa(2)))

O =

By using the expansion (3.4) and Formula (3, 8) we obtain
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x
ht, (6, 00) ¢ HiH Py (2)
2 S A dz +

‘*’1"-—“‘— H
o
3 m - 341
+Z(i+") H H} }_,‘l (0,09 Pa(2) (12 (3.11)

The functions ¥, and ¥, should satisfy the above-mentioned conditions
a‘l’; l
=it =0 (1e2) (3.12)

and %y, Tay given in the forrn (3. 5), should satisfy the last conditions of (3, 3).
Performing the appropnane substitution , taking account of (3, 10), and assumingk >4

in (3, 11), we obtain 29,

According to (3. 11) and (3. 13), we will have

hty (e' ) ”‘ Hy E O(HA)
S H.H, [ — Px(=) + TAFv) o=

{1e2)

x- 9y Vo™ (81, %) P, (2) + s H1H3 2 v, (81, 6%) Py’ (z)] dz=0
Nexl

2(l+v)

or
S H’m Vi (@, 0Py (2)dz =0  (1es2)
ns‘
Integrating by parts we obtain the equivalent conditions

HH} 2 v, (8, 62) Py, (z) B2, = (1++2)
Nl
They will be satisfied if it is assumed that
oo
3 vy (@, 8% Pa(z) =
n==¢

= Cy, (6', 6%) (Ps (2) — P1(2)) + Dy, (6", 6%) (Ps (x) — Ps @) ded
Hence, utilizing (3, 11), we obtain formulas for the functions ¥y, ¥,

hty (61, 6%) §HI H; Py ()
H

Y¥y'= — dz -+ (1~2)

H;

0

HyH3 [Co, (8%, 6%) (Py(2) — P7(2)) + De, (8%, 6%) (Py(2) — Po(2))}

+ 2(1 + v)
Conditions (3, 12) permit determination of the functions
C,, (6%, 62), D, (8¢, 03, C,, (81, 6), D,, (6, 62)
Applying Formulas
Pra (2) — Poey (2) = (20 + 1)Py (3), P (&1) = (A)
we obtain the system
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17C,, (6%, 6%) + 15D, (6!, 6%) = 2(’%& hty (:;. () ( H‘{H:)
2t

1”s
{1e2)
~1)% hey (1, 00) [ H Hy
17C,, (61, 6%) — 15D, (6", 03) = 2L E V) (1) hti (B, ( : ,)
£ A B, ) uy

Therefore, the functions ¥y, ¥y are determined,
Formula (3, 8) permits finding the functions § (0%, 62, x) , and from the conditions

§.(0t, 62, 4-1) =0
there is obtained a system determining the functions Ay (82, 62) and Ag (6, 0%)

17A,(6%, 6%) + 157, (67, 0%) = h(1+v) (1 —2v) 5(6% 6?) ( H;H;)
Do

E(l —v) H i
©>0
h(+v) (1 ~2v) (—1)% @, @) { HiHy
17, (61, 6%) — 154, (8", 02) = L=
E(l—vw) H H:H: —

Therefore, the expansions of vy*, Uy*, Us* have been determined, and the displace-
ments U;, Uy, Uy have been obtained, The stresses Tyg, Tpy, Tgq Which will satisfy con-
ditions of the type (3, 1) or (3,2) depending on the choice of K and @ in (3, 5),(3.6)
have also been constructed,

The remaining stresses 1y, T3, ¥33 are found by differentiation from the geometrical
and physical relationships and we find the mass forces from the equilibrium equations,

Therefore, a ‘particular solution corresponding to the first stage of the pseudo-boundary
layer problem has been effectively constructed,

3,2, Second stage of solving the pseudo-boundary layer problem,
The solution corresponding to this stage will be constructed for the particular case
of a flat plate, Series expansions of the type

oo
D= vx.o°Po° + 011°Py° 4 ”x,xipxi + vy 21P! - 2 Uy, n*Pyd (3.14)
Na=g

_ Pyyy” = Py_° - Py — Py?

o __ 1 —_ 2 2.
Ph —’PK! pK = 2K+i ¥ PK 2K+i (3.15)
are taken for the displacements assumed continuous for| z | << 1.
Noting that
dP,3 dPy?

K =Pgl, —E=P=Py, PlE1)=Pel(*1)=0

and substituting (3, 15) into (3, 14), we obtain oo
vy = D) v1,nPn () (3.16)

R0

From the equivalence of expansions of the form (3, 14), (3, 16), and taking account of
the functional properties of the Legendre polynolials, we obtain that the series (3. 14) and
(3.16) have an identical value at each interior point of the interval —i C z 1.
For z = -1 the coefficients vy, ¥5,1° ¥1.4% ¥, can be defined so that the series
(3. 14) would take the value p; (4-1),2nd its derivative the value (90y/0%)rm+1-

Imposing conditions (c) and (d), and also demanding that the stresses be zero on §; and
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S-, we obtain vl‘°° =vl.‘° =v1.1! gv"" =v‘.” 'v‘." =o

Do =0y = ”m‘ =y, = V! =0yt =0

Vs = Ug° = l’a.n‘ =Pyl = Us.a’ =0
Hence

0
01 = Z vl'n’Pn’ (1 1-)2) v’ = Z v""P.’ (3-17)
Nwag n=3

The arbitrary functions Uyats Usal, ”3.:’ are determined from the equitibrium equa-
tions in displacements

(3.48)
a 2 d 4
(Ao + 552+ Er (12 + 24 R =0
(1+2)

i 6’7', i 1 a aﬂ; av, b | al" 2(1"-”) —
(A”3+ 7 azt)’*’t—zv"h‘az(oex ao=+‘£“a=)+' g Fa=0
where A is the two-dimensional Laplace operator, and Fy, Fa, F4 are components of

the mass correction force which are known in the second stage, Since the resultant force
and resultant moment of the mass correction forces equal zero in the second stage, we

will have @
Fy (61, 6%, 2) = X Fy™ (61, 0%) Pp(2) (1+2)
ne=y

(3.19)
L]
Fy(0!, 0%, 2) = X Fs™ (61, 67) Py (2)
Nl
Inserting the expansions (3, 17) and (3, 19} into (3, 18), we obtain
(7 ? ar, 2
Avl' + [ _2.\, agx ( valé;‘ + a’é: )= (3.20)
g 3,0 2049 e (a-s)]
3(4“3"_1)‘(1——2v)(2n+1)h w5t th (1+2)

Av

3 ﬂ-l

=@n—=3)2n—1) [~ 2V DL L] e

Equations (3,20) form a system with the unknowns
by, “z (9‘, ez) ’ vt.u: (e!' 02) ’ ”a.n-x’ (e’t ez)
The functions L™ (6%, 6%) (i=1, 2, 3) are known since they depend on quantities
determined in previous stages, in particular
LM@,6)=0 (i=1,23)

It should be noted that only the particular solution of the system (3, 20) is of interest,
and the construction of this solution presents no special difficulties since the first two
equations correspond to the plane problem, and Dy ,.,® it determined from a Poisson~
type equation,
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